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Abstract. In this paper, we study a quantum group covariant deformed fermion algebra. This system can
be formulated in n dimensions and posesses two deformation parameters. The undeformed fermion algebra
is obtained when both deformation parameters are unity. When both parameters are zero the deformed
fermionic oscillator algebra reduces to the orthofermion algebra. If the quantum group symmetry is not
preserved, then the number of parameters in n dimensions can be increased to 2n − 2.

1 Introduction

In recent years, quantum groups, which are q-deformations
of Lie groups and Lie algebras [1–4], have found wide inter-
est among mathematicians and physicists. Many studies of
q-deformed objects [5–12] have been performed. Deforma-
tions of the boson algebra [13–16] played an important role
in these studies due to their relationship with quantum
groups. Studies related to deformed boson algebras can be
extended to deformed fermion algebras [17–22], such that
instead of quasi-commutation relations one can consider
quasi-anticommutation relations between creation and an-
nihilation operators with appropriate deformation param-
eters. Since fermions should satisfy the Pauli–Fermi prin-
ciple, studies related to deformed fermion algebras show
extra difficulties as compared with the deformed boson
case.

In this paper, we first consider the fermionic system
with real and positive deformation parameters p and q.
We examine whether this system shows any symmetry.
With the extension of this system to the n-dimensional
case, we obtain the SUp/q(n) quantum group covariant
deformed fermion algebra. We study the p, q → 0 limit
which implies the orthofermion algebra. Finally we con-
struct a system with n(n − 1) deformation parameters in
order to get the most general form. We find that simple
commutation relations require some restrictions on the de-
formation parameters, so that the number of parameters
decreases to 2(n − 1). This system is not invariant under
the quantum group unless the number of parameters is
reduced to two.

2 Quantum group covariant two parameter
deformed fermion algebra

For simplicity, we start our study by considering a 2-
dimensional deformed fermion algebra. For this system the

annihilation operators can be written

c1 = c ⊗ pN , (2.1)

c2 = (−q)N ⊗ c, (2.2)

where c is the standard fermion annihilation operator and
N is the number operator, satisfying

cc∗ + c∗c = 1, (2.3)
N = c∗c, (2.4)
c2 = 0. (2.5)

Since the deformation parameter depends on the number
operator N and N2 = N , any deformation parameter sN

can be written in the form of linear function, namely,

sN = 1 − (1 − s)N, (2.6)

where s is the complex number and N can take the values
0 and 1.

In a matrix representation c can be taken as

c =

(
0 1
0 0

)
. (2.7)

We know that the deformed annihilation operators
with their corresponding creation ones, in contrast to a
deformed boson system, should obey anticommutation re-
lations in the limit when the deformation parameters ap-
proach unity. Due to the Pauli–Fermi principle, the square
of both creation and annihilation operators should give
zero. If we look at the relations which are obeyed by the
operators c1 and c2, we see that all expectations are sat-
isfied with the following equations:

c1c2 = −q

p
c2c1 , (2.8)

c1c
∗
2 = −qpc∗

2c1 , (2.9)
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c2
1 = 0, (2.10)

c2
2 = 0, (2.11)

c1c
∗
1 + q2c∗

1c1 = c2c
∗
2 + p2c∗

2c2, (2.12)

c∗
1c1 + c∗

2c2 = c∗c ⊗ p2N + q2N ⊗ c∗c
= [n1 + n2] . (2.13)

Here for the deformed number operator

[n] ≡ p2n − q2n

p2 − q2 , (2.14)

c∗
1c1 = n1(p2)n2 , (2.15)

c∗
2c2 = n2(q2)n1 . (2.16)

n1 and n2 are number operators and can only take the
values 0 and 1. The p → q limiting case is discussed in
[23]. As seen in the above relations, we are interested in the
two parameter deformed fermion algebra generalizing the
deformation with only one parameter [22]. If we consider
the p, q → 1 limit, then of course, we get the well-known
2-dimensional fermion algebra.

In order to see that this system shows SUr(2) symme-
try with r = p/q; it is sufficient to show that our system
is invariant under the following transformation:(

c
′
1

c
′
2

)
= M

(
c1

c2

)
=

(
a −rb∗

b a∗

)(
c1

c2

)
, (2.17)

such that M is the transformation matrix and it is an
element of SUr(2). The elements of matrix M satisfy the
following equations:

ab = rba, (2.18)
ab∗ = rb∗a, (2.19)
bb∗ = b∗b, (2.20)

aa∗ + r2b∗b = 1, (2.21)
a∗a + bb∗ = 1. (2.22)

If we rewrite all relations satisfied by the deformed anni-
hilation and creation operators (2.8)–(2.13) for the trans-
formed ones, we can easily see that this system remains
unchanged. In this computation the matrix elements of M
are assumed to commute with c1, c∗

1, c2, c∗
2 or equivalently

in (2.17) when the matrix multiplication is performed the
elements of M act on c1 and c2 by tensor multiplication.

Before extending our system to the n-dimensional case,
studying the 3-dimensional case can be worthwhile. In the
2-dimensional case the construction of the transformation
matrix M is clear. For higher-dimensional cases it is more
convenient to write M as a product of simpler matrices.
In this sense, studying the 3-dimensional case will show
us how this system works for higher dimensions in a clear
way. Before the construction of the transformation matrix
M for the 3-dimensional case, first let us write the anni-
hilation operators for the 3-dimensional deformed fermion
algebra:

c1 = c ⊗ pN ⊗ pN , (2.23)

c2 = (−q)N ⊗ c ⊗ pN , (2.24)

c3 = (−q)N ⊗ (−q)N ⊗ c. (2.25)

These operators can satisfy the following relations:

c1c2 = −q

p
c2c1, (2.26)

c1c3 = −q

p
c3c1, (2.27)

c2c3 = −q

p
c3c2, (2.28)

c1c
∗
2 = −qpc∗

2c1, (2.29)
c1c

∗
3 = −qpc∗

3c1, (2.30)
c2c

∗
3 = −qpc∗

3c2, (2.31)

c2
1 = 0, (2.32)

c2
2 = 0, (2.33)

c2
3 = 0, (2.34)

c1c
∗
1 + q2c∗

1c1 = c2c
∗
2 + p2c∗

2c2, (2.35)
c2c

∗
2 + q2c∗

2c2 = c3c
∗
3 + p2c∗

3c3, (2.36)
c∗
1c1 + c∗

2c2 + c∗
3c3 = [n1 + n2 + n3] . (2.37)

In order to see whether this system is quantum group
covariant or not, we can consider the following matrix M
as the transformation matrix;

M = A12(a1)A23(a2)A12(a3)X12(α1)X23(α2), (2.38)

where

A12(a1) =


a1 −p

q a
′
1 0

a
′
1 a∗

1 0
0 0 1


 =

(
(A1)2x2

1

)
, (2.39)

A23(a2) =


1 0 0

0 a2 −p
q a

′
2

0 a
′
2 a∗

2


 =

(
1

(A2)2x2

)
, (2.40)

A12(a3) =


a3 −p

q a
′
3 0

a
′
3 a∗

3 0
0 0 1


 =

(
(A3)2x2

1

)
, (2.41)

X12(α1) =


 eiα1

e−iα1

1


 , (2.42)

X23(α2) =


1

eiα2

e−iα2


 , (2.43)

since any element of SUp/q(3) can be expressed in the
form (2.38) [24]. Here A1, A2, A3 are matrices belonging
to SUp/q(2) including (a1, a

′
1), (a2, a

′
2), (a3, a

′
3) respec-

tively, where a
′
i = (1 − a

∗
i ai)1/2. The elements of different

matrices commute with each other and they also satisfy
the relation

aia
∗
i − p2

q2 a∗
i ai = 1 − p2

q2 , i = 1, 2, 3. (2.44)

It can easily be shown that the system is invariant under
a transformation by the matrices X12(α1), X23(α2), since
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α1, α2 are phases which are central. Therefore, if we trans-
form the annihilation operators by the transformations

 c
′
1

c
′
2

c
′
3


 −→ A12(a1)


 c1

c2

c3


 (2.45)


 c

′
1

c
′
2

c
′
3


 −→ A23(a2)


 c1

c2

c3


 (2.46)


 c

′
1

c
′
2

c
′
3


 −→ A12(a3)


 c1

c2

c3


 , (2.47)

and check whether the transformed version of the annihi-
lation operators still satisfy relations (2.26)–(2.37), we get
the result that this system is invariant under the SUp/q(3)
quantum group.

Now, let us extend our system to n-dimensional case.
The annihilation operators can be written

c1 = c ⊗ pN ⊗ . . . ⊗ pN︸ ︷︷ ︸
nterms

(2.48)

c2 = (−q)N ⊗ c ⊗ pN ⊗ . . . ⊗ pN︸ ︷︷ ︸
nterms

(2.49)

...
cn = (−q)N ⊗ (−q)N ⊗ . . . ⊗ c︸ ︷︷ ︸

nterms

. (2.50)

The system can be described with the following algebra:

cicj = −q

p
cjci, i ≺ j, i = 1, 2, . . . , n − 1,

j = 2, 3, . . . , n, (2.51)
cic

∗
j = −qpc∗

jci, i �= j,

i, j = 1, 2, . . . , n (2.52)
c2
i = 0, i = 1, 2, . . . , n, (2.53)

cic
∗
i + q2c∗

i ci = ci+1c
∗
i+1 + p2c∗

i+1ci+1,

i = 1, 2, . . . , n − 1, (2.54)
n∑

i=1

c∗
i ci = [n1 + n2 + . . . + nn] , (2.55)

where

c∗
i ci = nimi = ni(p2)

n∑
nk

k=i+1(q2)

i−1∑
nk

k=1 , (2.56)
cic

∗
i = (1 − ni)mi. (2.57)

This system shows SUp/q(n) symmetry and its covari-
ance under the quantum group SUp/q(n) can be seen on
consideration of the transformation matrix M (2.38)

M =
n−1∏
k=1

n−k∏
i=1

Ai,i+1(aik)
n−1∏
i=1

Xi,i+1(αi), (2.58)

which is an element of SUp/q(n).

Up to now, we were interested with the invariance of
the system under special unitary quantum groups. But we
can also easily realize that for the 2-dimensional case, by
multiplying X23(α2) with the transformation matrix M

(2.17); we get a new matrix M
′

which is an element of
SUp/q(2) × U(1) ∼= Uq(2) and the transformation of the
annihilation operators with this consideration still con-
serve the invariance for the system obeying (2.8)–(2.13).
Therefore we can say that this system is covariant un-
der the 2-dimensional unitary quantum group. With the
extension of this study to the n-dimensional generalized
version, we also get the unitary quantum group covariance
for n dimensions.

3 Orthofermion algebra

In this part of our paper, we study the p, q → 0 limit.
In the limit p, q → 0, it is not difficult to show that the
deformation parameters pN and (−q)N can be written as

pN = (−q)N = cc∗ (3.1)

considering (2.6). Thus, in view of this relation and (2.48)–
(2.50), we can rewrite the annihilation operators as

c1 = c ⊗ cc∗ ⊗ . . . ⊗ cc∗︸ ︷︷ ︸
nterms

(3.2)

c2 = cc∗ ⊗ c ⊗ cc∗ ⊗ . . . ⊗ cc∗︸ ︷︷ ︸
nterms

(3.3)

...
cn = cc∗ ⊗ cc∗ ⊗ . . . ⊗ c︸ ︷︷ ︸

nterms

. (3.4)

Now, let us write the orthofermion algebra [25] as

cicj = 0, (3.5)
cic

∗
j = Πδij , i, j = 1, 2, . . . , n, (3.6)

Π2 = Π = Π†, (3.7)

where Π is a projection operator [26] and δij is the Kro-
neker delta.

It may easily be verified that the annihilation operators
(3.2)–(3.4) satisfy the relations (3.5)–(3.7) with

Π =cc∗ ⊗ cc∗ ⊗ . . . ⊗ cc∗︸ ︷︷ ︸
nterms

. (3.8)

Except for the trivial representation the only represen-
tations of (3.5)–(3.7) is (n + 1)-dimensional and coincides
with the orthofermion algebra which conventionally is de-
fined by

cicj = 0, (3.9)

cic
∗
j =

(
1−

n∑
k=1

c∗
kck

)
δij , i, j = 1, 2, . . . , n.(3.10)

By using the method developed in Sect. 2, it can be shown
that these relations are invariant under the action of the
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SUr(n) quantum group for any r. First we choose n = 2.
The transformed creation and annihilation operators of
the orthofermion algebra are given by

c
′
1 = a ⊗ c1 − rb∗ ⊗ c2, (3.11)

c
′
2 = b ⊗ c1 + a∗ ⊗ c2, (3.12)

where a, a∗, b, b∗ satisfy (2.18)–(2.22).
By direct computation, it can be verified that

c
′ 2
i = 0, i = 1, 2, (3.13)

c
′
ic

′
j = 0, i �= j (3.14)

follow from (3.9), whereas

c
′
ic

′ ∗
j = 0, i �= j (3.15)

follows from (3.10) and (2.19). Then

c
′ ∗
1 c

′
1 + c

′ ∗
2 c

′
2 = c∗

1c1 + c∗
2c2 (3.16)

follows from (2.21) and (2.22), so that

c
′
1c

′ ∗
1 = c1c

∗
1, (3.17)

c
′
1c

′ ∗
1 = 1 − c∗

1c1 − c∗
2c2, (3.18)

c
′
1c

′ ∗
1 = 1 − c

′ ∗
1 c

′
1 − c

′ ∗
2 c

′
2. (3.19)

Here the first equality results from using (2.21), the
second equality follows from (3.10) and the third equality
follows from (3.16). The corresponding equality for c

′
2, c

′ ∗
2 ,

c
′
2c

′ ∗
2 = 1 − c

′ ∗
1 c

′
1 − c

′ ∗
2 c

′
2, (3.20)

is shown in a similar manner by using (2.22) instead of
(2.21) in the first step. As a final step, in order to show
the SUr(n) invariance of the orthofermion algebra, we use
the method which is developed in Sect. 2.

Note that (3.5)–(3.7) defines a 2n-dimensional repre-
sentation and is therefore reducible. However the spectrum
of the generalized number operator,

[N ] =
p2N − q2N

p2 − q2 = 0, 1, p2 + q2, . . . , (3.21)

in the limit p, q → 0 becomes the correct orthofermion
particle number operator.

In order to see what this means in a clear way, let
us consider the 2-dimensional case as an example. The
annihilation operators are

c1 = c ⊗ cc∗, (3.22)
c2 = cc∗ ⊗ c, (3.23)

and they satisfy the following relations:

c2
1 = 0, (3.24)

c2
2 = 0, (3.25)

c1c2 = 0, (3.26)
c1c

∗
2 = 0, (3.27)

c1c
∗
1 = c2c

∗
2 = Π = 1 − (c∗

1c1 + c∗
2c2 + c∗c ⊗ c∗c). (3.28)

At first glance, one may think that there is some prob-
lem in (3.28). This is because when we compare this equa-
tion with (3.10) for i, j = 1, 2, we have c∗c⊗c∗c as an extra
term. But it can be realized that the above consideration
includes the reducible representation and this term comes
from the trivial representation such that it does not con-
tribute other than zero.

Notice that with the consideration of the annihilation
operators in the tensor product notation, we get the 4-
dimensional representations such that

c1 =




0 1 0
... 0

0 0 0
... 0

0 0 0
... 0

· · · · · · · · · ... · · ·
0 0 0

... 0




, (3.29)

c2 =




0 0 1
... 0

0 0 0
... 0

0 0 0
... 0

· · · · · · · · · · · · · · ·
0 0 0

... 0




. (3.30)

By considering this block form, we can say that this
representation is reducible and its nontrivial irreducible
form can be written

c1 =


0 1 0

0 0 0
0 0 0


 , (3.31)

c2 =


0 0 1

0 0 0
0 0 0


 , (3.32)

as stated in [26]. With this irreducible form we get the
relations which are exactly the same as (3.9) and (3.10).

4 Multiparameter deformed fermion algebra

Up to here, we considered only p and q as deformation
parameters. One question is what happens if we deform
our system with more than two parameters. To answer
this, first let us try to write our annihilation operators in
their general form,

c1 = c ⊗ f12(N) ⊗ f13(N) ⊗ . . . ⊗ f1d(N), (4.1)
c2 = g21(N) ⊗ c ⊗ f23(N) ⊗ . . . ⊗ f2d(N), (4.2)
c3 = g31(N) ⊗ g32(N) ⊗ c ⊗ f34(N) ⊗ . . . ⊗ f3d(N), (4.3)

...
cd = gd1(N) ⊗ . . . ⊗ gd(d−1)(N) ⊗ c, (4.4)
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where all the functions f and g are of the most general
form and d = 1, 2, . . . , n. Since N2 = N and the deforma-
tion parameters depend on the number operator N , these
functions can be written in the form of a linear function
without losing their generalization. Therefore we can write
the deformation parameter fij(N):

fij(N) = aij + bijN = aij(1+(pij −1)N) = aijp
N
ij . (4.5)

The normalization constants aij can be factored from the
direct product and absorbed into the definition of anni-
hilation operators. With (4.5) the annihilation operators
can be rewritten as

c1 = c ⊗ pN
12 ⊗ pN

13 ⊗ . . . ⊗ pN
1d, (4.6)

c2 = (−q21)N ⊗ c ⊗ pN
23 ⊗ pN

24 ⊗ . . . ⊗ pN
2d, (4.7)

c3 = (−q31)N ⊗ (−q32)N ⊗ c ⊗ pN
34 ⊗ . . . ⊗ pN

3d, (4.8)
...

cd = (−qd1)N ⊗ . . . ⊗ (−qd(d−1))N ⊗ c. (4.9)

If we study the relations satisfied by these annihilation
operators, we can easily see that in order to get simple
commutation relations, as in (2.54), we should consider
some restrictions which are related with the deformation
parameters. Our restriction for the deformation parame-
ters pij is that all pij should be equal among themselves
for all fixed j-values, where i ≺ j, namely,

p13 = p23,

p14 = p24 = p34,

...
p1(n−1) = p2(n−1) = . . . = p(n−2)(n−1).

On the other hand, the restriction for the deformation pa-
rameters qji is that all qji should be equal among them-
selves for all fixed i-values for all i ≺ j, that is to say

q21 = q31 = . . . = qn1,

q32 = q42 = . . . = qn2,

...
q(n−1)(n−2) = qn(n−2).

With these considerations the number of deformation pa-
rameters decreases from d(d − 1) to 2(n − 1). Thus, our
system can be written in the most general form as

cicj = − qji

pij
cjci, i ≺ j,

i = 1, 2, . . . , d − 1, j = 2, 3, . . . , d, (4.10)
cic

∗
j = −qjipijc

∗
jci, i �= j,

i, j = 1, 2, . . . , d, (4.11)
c2
i = 0, i = 1, 2, . . . , d, (4.12)

cic
∗
i + q2

jic
∗
i ci = cjc

∗
j + p2

ijc
∗
jcj ,

i = 1, 2, . . . , d − 1, j = i + 1, (4.13)∑
c∗
i ci = [n1 + n2 + . . . + nn] . (4.14)

This system is not invariant under the q-deformed uni-
tary quantum group.

5 Conclusion

In this paper, we studied a deformed system of n fermions
with two deformation parameters p and q. We have shown
that it possesses SUp/q(n) symmetry. When the two defor-
mation parameters are equal to each other, we obtain the
multi-dimensional fermionic Newton oscillator [23] which
possesses SU(n) symmetry. In the p, q → 1 limit, we get
the well-known system for n ordinary fermions, whereas
for p, q → 0 we obtain the 2n-dimensional (reducible) rep-
resentation of the orthofermion algebra. We studied the
n = 2 case in detail and showed that this representation
is the combination of the trivial and irreducible represen-
tation. A consideration of the irreducible representation
will give us the orthofermion algebra in the usual sense.
Another remarkable point is that this system posssesses
SUr(n) symmetry for any r since the p, q → 0 limit can
be chosen to obtain any r = p/q. Finally, we constructed
a system which generalizes the n-dimensional two param-
eter deformed fermion algebra by increasing the number
of deformation parameters to 2n − 2.
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